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NON-NEGATIVITY OF CR PANEITZ OPERATOR FOR
EMBEDDABLE CR MANIFOLDS
YUYA TAKEUCHI
Abstract. The non-negativity of the CR Paneitz operator plays a crucial role
in three-dimensional CR geometry. In this paper, we prove this non-negativity
for embeddable CR manifolds. This result and previous works give an affir-
mative solution of the CR Yamabe problem for embeddable CR manifolds.
We also show the existence of a contact form with zero CR Q-curvature, and
generalize the total Q-prime curvature to embeddable CR manifolds with no
pseudo-Einstein contact forms. Furthermore, we discuss the logarithmic sin-
gularity of the Szegő kernel.
1. Introduction
For three-dimensional strictly pseudoconvex CR manifolds, the non-negativity
of the CR Paneitz operator has been of great importance; it is closely related to
global embeddability [CCY12] and the CR positive mass theorem [CMY17]. It
is known that there are closed non-embeddable CR manifolds of dimension three
with not non-negative CR Paneitz operator; see [CMY17, Section 4.1] for example.
On the other hand, Chanillo, Chiu, and Yang [CCY13] have proved that the non-
negativity condition holds for sufficiently small deformations of a strictly pseudo-
convex real hypersurface in C2 with vanishing Tanaka-Webster torsion. Moreover,
Case, Chanillo, and Yang [CCY16] have shown that the non-negativity of the CR
Paneitz operator is preserved under real-analytic deformations in C2 with uniform
positivity of the Tanaka-Webster scalar curvature and the stability of the CR pluri-
harmonic functions. The aim of this paper is to prove the non-negativity of the CR
Paneitz operator for embeddable CR manifolds.
Theorem 1.1 (= Theorem 4.4). Let (M,T 1,0M) be a closed embeddable strictly
pseudoconvex CR manifold of dimension three. Then the CR Paneitz operator is
non-negative, and its kernel consists of CR pluriharmonic functions.
Here we give an outline of the proof of Theorem 1.1 given in Section 4; our proof
is inspired by that of the Siu-Sampson result for harmonic maps [Siu80, Sam86]
in [ABC+96, Chapter 6.1]. Let (M,T 1,0M) be as in Theorem 1.1. Then M is
realized as the boundary of a two-dimensional strictly pseudoconvex domain Ω
with an asymptotically complex hyperbolic Kähler form ω+. For u ∈ C∞(M), take
a harmonic extension u˜ of u to Ω. Since ω+ is Kähler, u˜ satisfies dd
cu˜ ∧ ω+ = 0,
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where dc = (
√−1/2)(∂ − ∂). Then we have ddcu˜ ∧ ddcu˜ ≤ 0, and so∫
M
dcu˜ ∧ ddcu˜ =
∫
Ω
ddcu˜ ∧ ddcu˜ ≤ 0.
On the other hand, integration by parts on M yields that∫
M
dcu˜ ∧ ddcu˜ = −
∫
M
u(Pθu)θ ∧ dθ,
where θ is a contact form on M and Pθ is the CR Paneitz operator. Thus we
obtain the non-negativity of Pθ. Moreover, if the equality holds, then u˜ must be
pluriharmonic, and u is CR pluriharmonic.
Theorem 1.1 has various applications. Let (M,T 1,0M) be a closed strictly pseu-
doconvex CR manifold of dimension three. The CR Yamabe constant Y(M,T 1,0M)
is defined by
Y(M,T 1,0M) = inf
θ
{ ∫
M
Scal · θ ∧ dθ
∣∣∣∣
∫
M
θ ∧ dθ = 1
}
.
This value gives a CR invariant of (M,T 1,0M). Theorem 1.1 and [CCY12, Theorem
1.4(b)] imply the following embeddability criterion.
Corollary 1.2. Let (M,T 1,0M) be a closed strictly pseudoconvex CR manifold of
dimension three with positive CR Yamabe constant. Then (M,T 1,0M) is embeddable
if and only if the CR Paneitz operator is non-negative.
It is known that the CR Yamabe constant satisfies
Y(M,T 1,0M) ≤ Y(S3, T 1,0S3),
where (S3, T 1,0S3) is the standard CR sphere in C2 [JL87, Theorem 3.4(b)]; note
that Y(S3, T 1,0S3) > 0 [JL87, Section 4]. Combining with Theorem 1.1 and a
consequence of the CR positive mass theorem [CMY17, Theorem 1.2], we have the
following
Corollary 1.3. Let (M,T 1,0M) be a closed embeddable three-dimensional strictly
pseudoconvex CR manifold. Then Y(M,T 1,0M) = Y(S3, T 1,0S3) if and only if
(M,T 1,0M) is CR equivalent to (S3, T 1,0S3).
The CR Yamabe problem is to find a contact form θ satisfying
Scal = Y(M,T 1,0M),
∫
M
θ ∧ dθ = 1;
such a contact form is called a CR Yamabe contact form. Recently, Cheng, Mal-
chiodi, and Yang [CMY19] have found that the CR Yamabe problem has no solu-
tion on the Rossi sphere, which is an example of a non-embeddable CR manifold.
Nonetheless, the CR Yamabe problem is solvable for embeddable three-dimensional
CR manifolds.
Theorem 1.4 (= Theorem 4.6). There exists a CR Yamabe contact form on any
closed embeddable strictly pseudoconvex CR manifold of dimension three.
We will also apply Theorem 1.1 to the zero CR Q-curvature problem. Fefferman
and Hirachi [FH03] have introduced the CR Q-curvature Qθ by using the ambient
space, and proved that its integral, the total CR Q-curvature, is a CR invariant.
However, it turns out that the total CR Q-curvature must be zero [Mar18, Theorem
1.1]. Moreover, the CR Q-curvature itself is identically zero for pseudo-Einstein
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contact forms. For these reasons, it is natural to ask whether a CR manifold admits
a contact form with zero CR Q-curvature. In dimension three, some authors have
tackled this problem via the CR Q-curvature flow [CCC07,SC11,CKS19]. In this
paper, however, we will take a more functional-analytic approach.
Theorem 1.5 (= Theorem 5.4). Let (M,T 1,0M) be a closed embeddable strictly
pseudoconvex CR manifold of dimension three. There exists a contact form θ on M
with zero CR Q-curvature. Moreover, if θˆ is also such a contact form, then θˆ = eΥθ
for a CR pluriharmonic function Υ. In particular, in the case where M admits a
pseudo-Einstein contact form, a contact form is pseudo-Einstein if and only if it is
of zero CR Q-curvature.
The existence of such a contact form gives a generalization of the total Q-prime
curvature to embeddable CR manifolds with no pseudo-Einstein contact forms. Let
(M,T 1,0M) be a closed strictly pseudoconvex CR manifold of dimension three and
θ a contact form on M . The Q-prime curvature Q′θ is defined by
Q′θ =
1
2
Scal2 − 2|A11|2 +∆bScal.
Case and Yang [CY13] have proved that the integral of the Q-prime curvature
Q
′
(M,T 1,0M) =
∫
M
Q′θθ ∧ dθ
is independent of the choice of a pseudo-Einstein contact form θ, and defines a
CR invariant of (M,T 1,0M), called the total Q-prime curvature. However, the
invariance of this integral follows from only the fact that a pseudo-Einstein contact
form is of zero CR Q-curvature; see Section 5 for details. Hence, if (M,T 1,0M)
is embeddable, then the total Q-prime curvature is well-defined and gives a CR
invariant. The total Q-prime curvature and the CR Yamabe constant satisfies the
following inequality, which is a CR analog of [Gur99, Equation (1.4)].
Theorem 1.6 (= Theorem 5.5). Let (M,T 1,0M) be a closed embeddable three-
dimensional strictly pseudoconvex CR manifold. Then
Q
′
(M,T 1,0M) ≤ 1
2
Y(M,T 1,0M)2
with equality if and only if M admits a pseudo-Einstein contact form with vanishing
Tanaka-Webster torsion. In particular if c1(T
1,0M) 6= 0 in H2(M,R), then the
strict inequality holds.
The above theorem gives a generalization of [CY13, Theorem 1.1] for embeddable
CR manifolds.
Corollary 1.7 (= Corollary 5.6). Let (M,T 1,0M) be a closed embeddable strictly
pseudoconvex CR manifold of dimension three with non-negative CR Yamabe con-
stant. Then
Q
′
(M,T 1,0M) ≤ Q′(S3, T 1,0S3)
with equality if and only if (M,T 1,0M) is CR equivalent to (S3, T 1,0S3).
We will also apply our results to the logarithmic singularity of the Szegő kernel.
Let Ω be a strictly pseudoconvex domain in a two-dimensional complex manifold
and θ a contact form on ∂Ω. Define the Hardy space Hθ(Ω) consisting of the
boundary values of holomorphic functions on Ω that are L2 with respect to the
4 YUYA TAKEUCHI
volume form θ ∧ dθ on ∂Ω. The Szegő kernel Sθ(z, w) is the reproducing kernel
of Hθ(Ω). Fix a defining function ρ of Ω. The boundary behavior of Sθ on the
diagonal is given by
Sθ(z, z) = φθρ
−2 + ψθ log(−ρ),
where φθ and ψθ are smooth functions on Ω. Moreover, the Tayler coefficients of
ψθ at a given boundary point is uniquely determined by the behavior of θ near the
point [BdMS76]. Hirachi [Hir93] has proved that
ψθ|∂Ω = 1
4pi2
Qθ.
Hence ψθ = O(ρ) if and only if θ is of zero CR Q-curvature. It is natural to ask
when ψθ vanishes to higher order on the boundary.
Theorem 1.8 (= Theorem 6.1). Let Ω be a two-dimensional strictly pseudoconvex
domain whose boundary admits a pseudo-Einstein contact form. For a contact form
θ on ∂Ω, the function ψθ vanishes to first (resp. second) order on the boundary if
and only if θ is pseudo-Einstein and ∂Ω is obstruction flat (resp. spherical).
Remark that the above theorem has been obtained by Hirachi in the case when
Ω is a domain in C2 and ∂Ω has transverse symmetry [Hir93]. It would be an
interesting problem what happens when ∂Ω has no pseudo-Einstein contact forms.
This paper is organized as follows. In Section 2, we recall some basic definitions
and facts on CR manifolds. In Section 3, we introduce a CR analog of dc, which is
closely related to CR pluriharmonic functions and plays an important role in the
proofs of our results in this paper. Section 4 is devoted to proofs of Theorems 1.1
and 1.4. In Section 5, we tackle the existence problem of a contact form with
zero CR Q-curvature. Section 6 deals with the logarithmic singularity of the Szegő
kernel.
2. Preliminaries
Let M be a smooth three-dimensional manifold without boundary. A CR struc-
ture is a complex one-dimensional subbundle T 1,0M of the complexified tangent
bundle TM ⊗ C such that
T 1,0M ∩ T 0,1M = 0,
where T 0,1M is the complex conjugate of T 1,0M in TM⊗C. An important example
of a three-dimensional CR manifold is a real hypersurface M in a two-dimensional
complex manifold X ; this M has the canonical CR structure
T 1,0M = T 1,0X |M ∩ (TM ⊗ C).
Introduce an operator ∂b : C
∞(M)→ Γ((T 0,1M)∗) by
∂bf = (df)|T 0,1M .
A smooth function f is called a CR holomorphic function if ∂bf = 0. A CR
pluriharmonic function is a real-valued smooth function that is locally the real
part of a CR holomorphic function. We denote by P the space of CR pluriharmonic
functions.
A CR structure T 1,0M is said to be strictly pseudoconvex if there exists a
nowhere-vanishing real one-form θ on M such that θ annihilates T 1,0M and
−√−1dθ(Z,Z) > 0, 0 6= Z ∈ T 1,0M ;
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we call such a one-form a contact form. Denote by T the Reeb vector field with
respect to θ; that is, a unique vector field satisfying
θ(T ) = 1, ιT dθ = 0.
Let Z1 be a local frame of T
1,0M , and set Z
1
= Z1 . Then (T, Z1 , Z1 ) gives a local
frame of TM ⊗C, called an admissible frame. Its dual frame (θ, θ1, θ1) is called an
admissible coframe. The two-form dθ is written as
dθ =
√−1l
11
θ1 ∧ θ1,
where l
11
is a positive function. We use l
11
and its inverse l11 to raise and lower
indices.
A contact form θ induces a canonical connection ∇, called the Tanaka-Webster
connection with respect to θ. It is defined by
∇T = 0, ∇Z1 = ω 11 Z1 , ∇Z1 = ω 11 Z1
(
ω 1
1
= ω 11
)
with the following structure equations:
dθ1 = θ1 ∧ ω 11 +A11θ ∧ θ1,
dl
11
= ω 11 l11 + l11ω
1
1
.
The tensor A11 = A11 is called the Tanaka-Webster torsion. We denote the com-
ponents of a successive covariant derivative of a tensor by subscripts preceded by a
comma, for example, K
11,1
; we omit the comma if the derivatives are applied to a
function. We use the index 0 for the component T or θ in our index notation. The
commutators of the second derivatives for u ∈ C∞(M) are given by
u
11
− u
11
=
√−1l
11
u0, u01 − u10 = A11u1.
Define the sub-Laplacian ∆b by
∆bu = −u 11 − u 11
for u ∈ C∞(M). From the above commutation relations, it follows that
∆bu = −2u 11 −
√−1u0 = −2u 11 +
√−1u0.
The curvature form Ω 11 = dω
1
1 of the Tanaka-Webster connection is of the form
(2.1) Ω 11 = Scal · l11θ1 ∧ θ1 −A 111, θ ∧ θ1 +A 111, θ ∧ θ1,
where Scal is the Tanaka-Webster scalar curvature. Bianchi identities for the
Tanaka-Webster connection give that
Scal0 = A
11
11, +A
11
11,
;
see [Lee88, Lemma 2.2].
Let θˆ = eΥθ be another contact form, and denote by T̂ the corresponding Reeb
vector field. The admissible coframe corresponding to (T̂ , Z1 , Z1 ) is given by
(θˆ, θˆ1 = θ1 +
√−1Υ1θ, θˆ1 = θ1 −√−1Υ1θ).
Under this conformal change, the sub-Laplacian ∆̂b with respect to θˆ satisfies
eΥ∆̂bu = ∆bu−Υ1u1 −Υ1u1;
see [Sta89, Lemma 1.8] for example.
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An important example of a strictly pseudoconvex CR manifold is the boundary
of a strictly pseudoconvex domain. Let Ω be a relatively compact domain in a
two-dimensional complex manifold X with smooth boundaryM = ∂Ω. Then there
exists a smooth function ρ on X such that
Ω = ρ−1((−∞, 0)), M = ρ−1(0), dρ 6= 0 on M ;
such a ρ is called a defining function of Ω. A domain Ω is said to be strictly
pseudoconvex if we can take a defining function ρ of Ω that is strictly plurisubhar-
monic nearM . The boundary of a strictly pseudoconvex domain is a closed strictly
pseudoconvex real hypersurface; the one-form dcρ|M is a contact form on M .
3. CR pluriharmonic functions and pseudo-Einstein condition
Let (M,T 1,0M) be a strictly pseudoconvex CR manifold of dimension three and
θ a contact form on M . We first introduce a CR analog of dc, which implicitly
appears in the proof of [Hir14, Lemma 3.2].
Lemma 3.1. The differential operator
dcCR : C
∞(M)→ A1(M); u 7→
√−1
2
(
u
1
θ1 − u1θ1
)
+
1
2
∆bu · θ
is independent of the choice of θ.
Proof. Consider the conformal change θˆ = eΥθ. From the transformation law of
the sub-Laplacian, we obtain√−1
2
(
u
1
θˆ1 − u1θˆ1
)
+
1
2
∆̂bu · θˆ
=
√−1
2
(
u
1
θ1 − u1θ1
)
+
1
2
(
u
1
Υ1 + u1Υ
1
)
θ +
1
2
(
∆bu− u1Υ1 − u1Υ1
)
θ
=
√−1
2
(
u
1
θ1 − u1θ1
)
+
1
2
∆bu · θ,
which completes the proof. 
As in complex geometry, CR pluriharmonic functions are smooth functions an-
nihilated by ddcCR.
Lemma 3.2. For u ∈ C∞(M),
ddcCRu = P1 u · θ ∧ θ1 + P1 u · θ ∧ θ1,
where
P1 u = u
1
1 1
+
√−1A11u1, P1 u = u 11 1 −
√−1A
11
u1.
In particular, u is a CR pluriharmonic function if and only if ddcCRu = 0.
Proof. The former statement follows from a straightforward calculation. The latter
one is a consequence of [Lee88, Proposition 3.4]. 
Each u ∈ P defines the cohomology class [dcCRu] in H1(M,R). The following
lemma is obtained from [Lee88, Lemma 3.1].
Lemma 3.3. For u ∈ P, the cohomology class [dcCRu] is equal to zero if and only
if u is the real part of a CR holomorphic function globally.
Assume that M is realized as the boundary of a two-dimensional strictly pseu-
doconvex domain Ω. Take a defining function ρ of Ω with θ = dcρ|M .
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Lemma 3.4. For each u ∈ C∞(M), there exists a smooth extension u˜ of u to Ω
such that ddcu˜|M has vanishing (1, 1)-part. Moreover, such a u˜ is unique modulo
O(ρ2), and dcu˜|M coincides with dcCRu.
Proof. Take a smooth function u′ on Ω with u′|M = u. Then
dcu′|M =
√−1
2
(u
1
θ1 − u1θ1) + λθ
for some λ ∈ C∞(M). Hence the (1, 1)-part of ddcu′|M is given by
√−1
2
(
u
11
+ u
11
+ 2λl
11
)
θ1 ∧ θ1.
On the other hand, the (1, 1)-part of ddc(ρv)|M for v ∈ C∞(Ω) coincides with
√−1v|M l11θ1 ∧ θ1.
If we choose v so that v|M = 2−1∆bu−λ, the (1, 1)-part of ddc(u′+ρv)|M vanishes,
which gives the existence of u˜. From the construction, it follows that dcu˜|M = dcCRu.
The uniqueness of u˜ modulo O(ρ2) is a consequence of the above computation of
the (1, 1)-part of ddc(ρv)|M . 
Set
W1 = Scal1 −
√−1A 111, , W1 =W1 = Scal1 +
√−1A 1
11,
,
and define a two-form W (θ) on M by
W (θ) =W1 θ ∧ θ1 +W1 θ ∧ θ1.
A contact form θ is said to be pseudo-Einstein if W (θ) = 0.
Lemma 3.5. The two-formW (θ)/2pi is closed and gives a representative of the first
Chern class c1(T
1,0M). In particular, c1(T
1,0M) = 0 in H2(M,R) if (M,T 1,0M)
admits a pseudo-Einstein contact form.
Proof. It follows from (2.1) that
W (θ) =
√−1Ω 11 − d(Scal · θ) =
√−1dω 11 − d(Scal · θ).
Hence W (θ)/2pi is closed and represents the cohomology class c1(T
1,0M). 
The two-form W (θ) depends on the choice of θ, but ddcCR appears in its trans-
formation law under conformal change.
Lemma 3.6. For another contact form θˆ = eΥθ,
W (θˆ) =W (θ)− 3ddcCRΥ.
In particular, in the case that θ is pseudo-Einstein, so is θˆ if and only if Υ is
pseudo-Einstein.
Proof. Under the conformal change θˆ = eΥθ,
eΥŴ1 =W1 − 3P1Υ;
see [CY13, Equation (3.4)]. Hence
W (θˆ) = Ŵ1 θˆ ∧ θˆ1 + Ŵ1 θˆ ∧ θˆ1 =W (θ)− 3ddcCRΥ,
which establishes the formula. 
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4. CR Paneitz operator in dimension three
Let (M,T 1,0M) be a closed three-dimensional strictly pseudoconvex CR manifold
and θ a contact form on M . The CR Paneitz operator Pθ is defined by
Pθu = (P1 u)
1
, = (P1 u)
1
, .
The CR Paneitz operator is formally self-adjoint [GG05, Proposition 5.1], and an-
nihilates CR pluriharmonic functions. We first show an integral formula for Pθ by
using dcCR.
Lemma 4.1. For u ∈ C∞(M),∫
M
u(Pθu)θ ∧ dθ = −
∫
M
dcCRu ∧ ddcCRu.
Proof. From the definition of dcCR, it follows that∫
M
dcCRu ∧ ddcCRu =
√−1
2
∫
M
[
u
1
(P1 u)θ
1 ∧ θ ∧ θ1 − u1(P1 u)θ1 ∧ θ ∧ θ1
]
=
1
2
∫
M
[
u1(P1 u) + u
1(P
1
u)
]
θ ∧ dθ
= −
∫
M
u(Pθu)θ ∧ dθ,
which completes the proof. 
Assume that M is embeddable. Then M can be realized as the boundary of a
strictly pseudoconvex domain Ω in a two-dimensional complex projective manifold
X [Lem95, Theorem 8.1]. Take a Kähler form ω on X and a defining function ρ of
Ω. For sufficiently large N > 0, the real (1, 1)-form
ω+ = Nω − 2ddc log(−ρ)
defines an (even) asymptotically complex hyperbolic metric on Ω; see [EMM91,
GSB08,Mat16] for details. Denote by ∆+ the Riemannian Laplacian with respect
to ω+.
Lemma 4.2. Let F be a smooth function on Ω with F |M = u. The condition
∆+F = O(ρ
2) is equivalent to that ddcF |M has vanishing (1, 1)-part. In particular,
dcF |M = dcCRu if ∆+F = O(ρ2).
Proof. We first note that
− 4ddcF ∧ ω+ = (∆+F )ω2+.
It follows from the definition of ω+ that
ω2+ = −8ρ−3dρ ∧ dcρ ∧ ddcρ+O(ρ−2).
Take a local frame Z˜1 of T
1,0X ∩ Ker ∂ρ, and set Z˜
1
= Z˜1 . Since M is strictly
pseudoconvex, ddcρ(Z˜1 , Z˜1 ) is non-zero near M , and
ddcF ∧ ω+ = 2ρ−2
ddcF (Z˜1 , Z˜1 )
ddcρ(Z˜1 , Z˜1 )
dρ ∧ dcρ ∧ ddcρ+O(ρ−1).
This proves the lemma. 
We need a solution of the Dirichlet problem with respect to ∆+.
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Proposition 4.3. For each u ∈ C∞(M), there exist smooth functions F and G on
Ω such that F |M = u and u˜ = F +Gρ2 log(−ρ) satisfies ∆+u˜ = 0.
Proof. For a smooth function f on Ω, a calculation shows that
∆+(fρ
k) = k(2− k)fρk +O(ρk+1),
∆+(fρ
k log(−ρ)) = k(2− k)fρk log(−ρ) + 2(1− k)fρk +O(ρk+1 log(−ρ)).
By using an inductive argument and Borel’s lemma, we obtain smooth functions
F0 and G on Ω such that F0|M = u and
H = ∆+(F0 +Gρ
2 log(−ρ)) ∈ ρ∞C∞(Ω),
where ρ∞C∞(Ω) is the space of smooth functions on Ω that vanish to infinite order
on M . Epstein, Melrose, and Mendoza [EMM91] have proved that ∆+ has the
bounded inverseR(2), and it maps ρ∞C∞(Ω) to ρ2C∞(Ω); see also [GSB08, Section
5.1]. If we set F = F0−R(2)H , then we have F |M = u and ∆+(F +Gρ2 log(−ρ)) =
0. 
Note that ∆+F = O(ρ
2), and so dcF |M = dcCRu. Now we give a proof of the
non-negativity of the CR Paneitz operator.
Theorem 4.4. Let (M,T 1,0M) be a closed embeddable strictly pseudoconvex CR
manifold of dimension three and θ a contact form on M . For any u ∈ C∞(M),∫
M
u(Pθu)θ ∧ dθ ≥ 0,
and the equality holds if and only if u ∈ P. In particular if u is annihilated by Pθ,
then it is CR pluriharmonic.
Proof. Fix a smooth function u on M , and let u˜ = F + Gρ2 log(−ρ) be as in
Proposition 4.3. Since ddcu˜ ∧ ω+ = 0, we have
ddcu˜ ∧ ddcu˜ ≤ 0
with equality if and only if ddcu˜ = 0. The one-form dc(Gρ2 log(−ρ)) can be ex-
tended continuously to Ω and vanishes along M . On the other hand,
ddc(Gρ2 log(−ρ)) ≡ ρ2 log(−ρ)ddcG+ (2ρ log(−ρ) + ρ)d(Gdcρ) (mod dρ).
The right hand side is continuous up to M and equal to zero on M . By using
Stokes’ theorem, we have∫
M
dcCRu ∧ ddcCRu =
∫
M
dcF ∧ ddcF
= lim
ǫ→+0
∫
ρ=−ǫ
dcu˜ ∧ ddcu˜
= lim
ǫ→+0
∫
ρ<−ǫ
ddcu˜ ∧ ddcu˜
≤ 0.
If the equality holds, then u˜ must be pluriharmonic on Ω. Hence ddcu˜ ∧ dρ = 0 on
Ω. From the above computation, it follows that
ddc(Gρ2 log(−ρ)) ∧ dρ = [ρ2 log(−ρ)ddcG+ (2ρ log(−ρ) + ρ)d(Gdcρ)] ∧ dρ
is continuous up to M and vanishes along M . Therefore we have ddcF ∧ dρ = 0 on
M , which implies ddcF |M = ddcCRu = 0. 
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From the above proof, we obtain the following
Corollary 4.5. Any CR pluriharmonic function on M admits a smooth plurihar-
monic extension to Ω.
Proof. Let u be a CR pluriharmonic function on M , and u˜ = F + Gρ2 log(−ρ)
be as in Proposition 4.3. From the proof of Theorem 4.4, it follows that u˜ is
pluriharmonic on Ω; in other words, ddcu˜ = 0. On the other hand, ddcu˜ is equal to
2G log(−ρ)dρ ∧ dcρ modulo a two-form continuous up to the boundary. Thus we
have G|M = 0. The construction of G implies that G ∈ ρ∞C∞(Ω); in particular, u˜
is smooth up to the boundary. 
We apply Corollary 1.3, which follows from Theorem 4.4 and [CMY17, Theorem
1.2], to give an affirmative solution to the CR Yamabe problem for embeddable CR
manifolds.
Theorem 4.6. Let (M,T 1,0M) be a closed embeddable strictly pseudoconvex CR
manifold of dimension three. Then the CR Yamabe problem on (M,T 1,0M) is
solvable.
Proof. If Y(M,T 1,0M) < Y(S3, T 1,0S3), then there exists a CR Yamabe con-
tact form on M [JL87, Theorem 3.4]. On the other hand, if Y(M,T 1,0M) =
Y(S3, T 1,0S3), then (M,T 1,0M) is CR equivalent to (S3, T 1,0S3) by Corollary 1.3,
and a solution of the CR Yamabe problem exists [JL87, Theorem 7.2]. 
Before the end of this section, we recall functional-analytic properties of the CR
Paneitz operator obtained by Hsiao.
Theorem 4.7 ([Hsi15, Theorem 1.2]). Let (M,T 1,0M) be a closed embeddable
strictly pseudoconvex CR manifold of dimension three and θ a contact form on M .
The maximal closed extension of Pθ is self-adjoint with closed range. Moreover, if
u ∈ DomPθ ∩ (KerPθ)⊥ satisfies Pθu ∈ C∞(M), then u must be smooth.
Denote by Πθ the orthogonal projection to KerPθ. We write Gθ for the partial
inverse of Pθ; that is, Gθ is a bounded linear operator from L
2(M) to DomPθ ∩
(KerPθ)
⊥ satisfying
u = Πθu+ PθGθu u ∈ L2(M),
u = Πθu+GθPθu u ∈ DomPθ.
From the latter statement of the above theorem, it follows that Gθ maps RanPθ ∩
C∞(M) to itself, and Πθ defines a linear operator C
∞(M)→ KerPθ ∩C∞(M); in
particular, P = KerPθ ∩C∞(M) is dense in KerPθ.
5. CR Q-curvature in dimension three
In this section, we discuss the zero CR Q-curvature problem in dimension three
and some applications. Let (M,T 1,0M) be a closed three-dimensional strictly pseu-
doconvex CR manifold and θ a contact form on M . The CR Q-curvature Qθ is
defined by
Qθ =
1
6
(∆bScal− 2 ImA 1111, ).
From Bianchi identities, it follows that
Qθ = −1
3
W 11, = −
1
3
W 1
1,
.
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In particular, the CR Q-curvature vanishes for pseudo-Einstein contact forms. Un-
der the conformal change θˆ = eΥθ, the CR Q-curvature transforms as follows:
e2ΥQ
θˆ
= Qθ + PθΥ.
We first discuss orthogonality relations between Qθ and P . The integral of the
product of a CR pluriharmonic function and the CR Q-curvature has a cohomolog-
ical expression.
Proposition 5.1. For u ∈ P,
〈[dcCRu] ∪ c1(T 1,0M), [M ]〉 =
3
2pi
∫
M
uQθθ ∧ dθ.
Proof. The definitions of dcCR and W (θ) yield that∫
M
dcCRu ∧W (θ) =
√−1
2
∫
M
[
u
1
W1 θ
1 ∧ θ ∧ θ1 − u1W1 θ1 ∧ θ ∧ θ1
]
=
1
2
∫
M
[
u1W1 + u
1W
1
]
θ ∧ dθ
= 3
∫
M
uQθθ ∧ dθ.
SinceW (θ)/2pi is a representative of c1(T
1,0M), we have the desired conclusion. 
Lemma 3.3 gives the following
Corollary 5.2. If u is the real part of a CR holomorphic function globally, then
Qθ is orthogonal to u.
Similarly, the vanishing of the first Chern class implies the orthogonality of the
CR Q-curvature to P .
Corollary 5.3. If c1(T
1,0M) = 0 in H2(M,R), then Qθ is orthogonal to P.
Now we consider the zero CR Q-curvature problem for embeddable CR mani-
folds.
Theorem 5.4. Let (M,T 1,0M) be a closed embeddable strictly pseudoconvex CR
manifold of dimension three. There exists a contact form θ on M with zero CR
Q-curvature. Moreover, if θˆ is also such a contact form, then θˆ = eΥθ for a CR
pluriharmonic function Υ. In particular, in the case where M admits a pseudo-
Einstein contact form, θ is pseudo-Einstein if and only if Qθ = 0.
Proof. Fix a contact form θ0 on M . If Qθ0 is orthogonal to P , then
θ = exp(−Gθ0Qθ0) · θ0
is a contact form with zero CR Q-curvature. Hence it suffices to show
〈[dcCRu] ∪ c1(T 1,0M), [M ]〉 = 0
for any u ∈ P . Take a smooth pluriharmonic extension u˜ of u to Ω by Corollary 4.5.
Note that dcu˜|M = dcCRu since ddcu˜ = 0. Fix a Hermitian metric on T 1,0Ω, and
denote by Ψ the corresponding first Chern form. By applying Stokes’ theorem, we
have
0 =
∫
Ω
ddcu˜ ∧Ψ =
∫
M
dcCRu ∧Ψ|M = 〈[dcCRu] ∪ c1(T 1,0M), [M ]〉;
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here we use the fact that Ψ|M is a representative of c1(T 1,0M) = c1(T 1,0Ω|M ). If
θˆ = eΥθ is also a contact form with zero CR Q-curvature, then Υ is annihilated by
Pθ, and so it is CR pluriharmonic by Theorem 4.4. 
The Q-prime curvature Q′θ is defined by
Q′θ =
1
2
Scal2 − 2|A11|2 +∆bScal.
Under the conformal change θˆ = eΥθ, the integral of the Q-prime curvature trans-
forms as follows:∫
M
Q′
θˆ
θˆ ∧ dθˆ =
∫
M
Q′θθ ∧ dθ + 6
∫
M
[Υ(PθΥ) + 2QθΥ]θ ∧ dθ;
see [CY13, Proposition 6.3]. In particular, the integral of the Q-prime curvature
Q
′
(M,T 1,0M) =
∫
M
Q′θθ ∧ dθ
is independent of the choice of a contact form θ with zero CR Q-curvature, and
defines a CR invariant of (M,T 1,0M), which we call the total Q-prime curvature.
This invariant and the CR Yamabe constant satisfy the following inequality.
Theorem 5.5. Let (M,T 1,0M) be a closed embeddable three-dimensional strictly
pseudoconvex CR manifold. Then
Q
′
(M,T 1,0M) ≤ 1
2
Y(M,T 1,0M)2
with equality if and only if M admits a pseudo-Einstein contact form with vanishing
Tanaka-Webster torsion. In particular if c1(T
1,0M) 6= 0 in H2(M,R), then the
strict inequality holds.
Proof. Fix a contact form θ with zero CR Q-curvature. Theorem 4.6 implies that
there exists Υ ∈ C∞(M) such that θˆ = eΥθ satisfies
Ŝcal = Y(M,T 1,0M),
∫
M
θˆ ∧ dθˆ = 1.
Then ∫
M
Q′
θˆ
θˆ ∧ dθˆ = 1
2
∫
M
(Ŝcal)2θˆ ∧ dθˆ − 2
∫
M
∣∣∣Â11∣∣∣2θˆ ∧ dθˆ
≤ 1
2
Y(M,T 1,0M)2
On the other hand, it follows from the non-negativity of Pθ that∫
M
Q′
θˆ
θˆ ∧ dθˆ = Q′(M,T 1,0M) + 6
∫
M
Υ(PθΥ)θ ∧ dθ
≥ Q′(M,T 1,0M).
Therefore we get the desired inequality. Moreover, if the equality holds, then θˆ has
vanishing Tanaka-Webster torsion, and it is a pseudo-Einstein contact form since
Ŝcal is constant. Conversely, suppose that (M,T 1,0M) admits a pseudo-Einstein
contact form θ with vanishing Tanaka-Webster torsion; in this case, the Tanaka-
Webster scalar curvature is constant. Without loss of generality, we may assume
that
∫
M
θ∧dθ = 1. From Theorem 4.6, [JL88, Corollary B], and [Wan15, Theorem
4], it follows that θ is a CR Yamabe contact form, and so the equality holds. 
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The above theorem gives a generalization of [CY13, Theorem 1.1] to embeddable
CR manifolds.
Corollary 5.6. Let (M,T 1,0M) be a closed embeddable strictly pseudoconvex CR
manifold of dimension three with non-negative CR Yamabe constant. Then
Q
′
(M,T 1,0M) ≤ Q′(S3, T 1,0S3)
with equality if and only if (M,T 1,0M) is CR equivalent to (S3, T 1,0S3).
Proof. Since 0 ≤ Y(M,T 1,0M) ≤ Y(S3, T 1,0S3), we have
Y(M,T 1,0M)2 ≤ Y(S3, T 1,0S3)2
= 2Q
′
(S3, T 1,0S3);
here the last equality follows from Theorem 5.5 and the fact that the standard con-
tact form on S3 is a pseudo-Einstein contact form with vanishing Tanaka-Webster
torsion. Moreover, if the equality holds, then Y(M,T 1,0M) = Y(S3, T 1,0S3), and
(M,T 1,0M) is CR equivalent to (S3, T 1,0S3) by Corollary 1.3. 
6. Logarithmic singularity of the Szegő kernel
Let Ω be a strictly pseudoconvex domain in a two-dimensional complex manifold
X . We recall some facts on Fefferman defining functions; see [HPT08, Section 2D]
for example. For a local coordinate z = (z1, z2) of X , set
Jz [ϕ] = − det
(
ϕ ∂ϕ/∂zb
∂ϕ/∂za ∂2ϕ/∂za∂zb
)
If w = F (z) is another local coordinate, then
Jw[ϕ] = |detF ′|2Jz [ϕ],
where F ′ is the holomorphic Jacobi matrix of F . A Fefferman defining function is
a defining function ρ of Ω such that
ddc log Jz [ρ] = dd
cO(ρ3)
for any local coordinate z. This condition is equivalent to that, for any p ∈ ∂Ω,
there exists a local coordinate z near p such that
Jz[ρ] = 1 +O(ρ
3).
We say ∂Ω to be obstruction flat if we can take a Fefferman defining function ρ of Ω
such that ddc log Jz[ρ] vanishes to infinite order on the boundary. It is known that
θ is a pseudo-Einstein contact form on ∂Ω if and only if θ = dcρ|∂Ω for a Fefferman
defining function ρ of Ω.
Now we give a necessary and sufficient condition for the vanishing of ψθ to higher
order on the boundary.
Theorem 6.1. Let Ω be a two-dimensional strictly pseudoconvex domain whose
boundary admits a pseudo-Einstein contact form. For a contact form θ on ∂Ω, the
function ψθ vanishes to first (resp. second) order on the boundary if and only if θ
is pseudo-Einstein and ∂Ω is obstruction flat (resp. spherical).
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Proof. Since ∂Ω has a pseudo-Einstein contact form, ψθ|∂Ω = 0 if and only if θ is
pseudo-Einstein by Theorem 5.4. In what follows, we suppose that θ is pseudo-
Einstein. Take a Fefferman defining function ρ with θ = dcρ|∂Ω. For a point
p ∈ ∂Ω, take a local coordinate z near p such that Jz [ρ] = 1 + O(ρ3). Hirachi,
Komatsu, and Nakazawa [HKN93] have computed ψθ up to second order in this
setting. From [Gra87, Propositions 1.8 and 2.2] and [HKN93, Proposition 1 and
Theorem 1], it follows that ψθ = O(ρ
2) if and only if ∂Ω is obstruction flat. On the
other hand, we derive from [HKN93, Remark 2] that ψθ = O(ρ
3) if and only if ∂Ω
is spherical. 
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